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Abstrat
We disuss the time evolution of quotations of stoks and om-
modities and show that orretions to the orthodox Bahelier model
inspired by quantum mehanial time evolution of partiles may be im-
portant. Our analysis shows that traders tatis an interfere as waves
do and trader's strategies an be reprodued from the orresponding
Wigner funtions. The proposed interpretation of the haoti move-
ment of market pries imply that the Bahelier behaviour follows from
short-time interferene of tatis adopted (paths followed) by the rest
of the world onsidered as a single trader and the Ornstein-Uhlenbek
orretions to the Bahelier model should qualitatively matter only for
large time sales. The famous smithonian invisible hand is interpreted
as a short-time tatis of whole the market onsidered as a single oppo-
nent. We also propose a solution to the urreny preferene paradox.
1
1 Introdution
We have formulated a new approah to quantum game theory [1℄-[3℄ that is
suitable for desription of market transations in term of supply and demand
urves [4℄-[8℄. In this approah quantum strategies are vetors (alled states)
in some Hilbert spae and an be interpreted as superpositions of trading de-
isions. Tatis or moves are performed by unitary transformations on vetors
in the Hilbert spae (states). The idea behind using quantum games is to
explore the possibility of forming linear ombination of amplitudes that are
omplex Hilbert spae vetors (interferene, entanglement [3℄) whose squared
absolute values give probabilities of players ations. It is generally assumed
that a physial observable (e.g. energy, position), dened by the presription
for its measurement, is represented by a linear Hermitian operator. Any
measurement of an observable produes an eigenvalue of the operator rep-
resenting the observable with some probability. This probability is given by
the squared modulus of the oordinate orresponding to this eigenvalue in
the spetral deomposition of the state vetor desribing the system. This is
often an advantage over lassial probabilisti desription where one always
deals diretly with probabilities. The formalism has potential appliations
outside physial laboratories [4℄. Strategies and not the apparatus or instal-
lation for atual playing are at the very ore of the approah. Spontaneous
or institutionalized market transations are desribed in terms of projetive
2
operation ating on Hilbert spaes of strategies of the traders. Quantum en-
tanglement is neessary (non-trivial linear ombinations of vetors-strategies
have to be formed) to strike the balane of trade. This approah predits
the property of undividity of attention of traders (no loning theorem) and
unies the English aution with the Vikrey's one attenuating the motivation
properties of the later [5℄. Quantum strategies reate unique opportunities
for making prots during intervals shorter than the harateristi thresholds
for an eetive market (Brown motion) [5℄. On suh market pries orrespond
to Rayleigh partiles approahing equilibrium state. Although the eetive
market hypothesis assumes immediate prie reation to new information on-
erning the market the information ow rate is limited by physial laws suh
us the onstany of the speed of light. Entanglement of states allows to ap-
ply quantum protools of super-dense oding [6℄ and get ahead of "lassial
trader". Besides, quantum version of the famous Zeno eet [4℄ ontrols the
proess of reahing the equilibrium state by the market. Quantum arbitrage
based on suh phenomena seems to be feasible. Intereption of protable
quantum strategies is forbidden by the impossibility of loning of quantum
states.
There are apparent analogies with quantum thermodynamis that allow
to interpret market equilibrium as a state with vanishing nanial risk ow.
Euphoria, pani or herd instint often ause violent hanges of market pries.
3
Suh phenomena an be desribed by non-ommutative quantum mehanis.
A simple tatis that maximize the trader's prot on an eetive market fol-
lows from the model: aept prots equal or greater than the one you have
formerly ahieved on average [7℄.
The player strategy |ψ〉1 belongs to some Hilbert spae and have two impor-
tant representations 〈q|ψ〉 (demand representation) and 〈p|ψ〉 (supply rep-
resentation) where q and p are logarithms of pries at whih the player is
buying or selling, respetively [4, 8℄. After onsideration of the following
fats:
• error theory: seond moments of a random variable desribe errors
• M. Markowitz's portfolio theory
• L. Bahelier's theory of options: the random variable q2 + p2 measures
joint risk for a stok buying-selling transation ( and Merton & Sholes
works that gave them Nobel Prize in 1997)
we have dened anonially onjugate Hermitian operators (observables)
of demand Qk and supply Pk orresponding to the variables q and p har-
aterizing strategy of the k-th player. This led us to the denition of the
1
We use the standard Dira notation. The symbol | 〉 with a letter ψ in it denoting
a vetor parameterized by ψ is alled a ket; the symbol 〈 | with a letter in it is alled a
bra. Atually a bra is a dual vetor to the orresponding ket. Therefore salar produts
of vetors take the form 〈φ|ψ〉 (braket) and the expetation value of an operator A in the
state |ψ〉 is given by 〈ψ|Aψ〉.
4
observable that we all the risk inlination operator:
H(Pk,Qk) := (Pk − pk0)
2
2m
+
mω2(Qk − qk0)2
2
,
where pk0 :=
k〈ψ|Pk |ψ〉k
k〈ψ|ψ〉k , qk0 :=
k〈ψ|Qk |ψ〉k
k〈ψ|ψ〉k , ω :=
2pi
θ
. θ denotes the harateristi
time of transation [7, 8℄ whih is, roughly speaking, an average time spread
between two opposite moves of a player (e. g. buying and selling the same
ommodity). The parameter m> 0 measures the risk asymmetry between
buying and selling positions. Analogies with quantum harmoni osillator
allow for the following haraterization of quantum market games. One an
introdue the onstant hE that desribes the minimal inlination of the player
to risk, [Pk,Qk] = i2pihE. As the lowest eigenvalue of the positive denite
operator H is 1
2
hE
2pi
ω, hE is equal to the produt of the lowest eigenvalue of
H(Pk,Qk) and 2θ. 2θ is in fat the minimal interval during whih it makes
sense to measure the prot. Let us onsider a simple market with a single
ommodity G. A onsumer (trader) who buys this ommodity measures
his/her prot in terms of the variable w=−q. The produer who provides
the onsumer with the ommodity uses w=−p to this end. Analogously, an
autioneer uses the variable w=q (we neglet the additive or multipliative
onstant brokerage) and a middleman who redues the store and sells twie
as muh as he buys would use the variable w=−2p − q. Various subjets
ative on the market may manifest dierent levels of ativity. Therefore it is
useful to dene a standard for the "anonial" variables p and q so that the
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risk variable [8℄ takes the simple form
p2
2
+ q
2
2
and the variable w measuring
the prot of a onrete market subjet dealing in the ommodity G is given
by
u q+ v p+w(u, v) = 0 , (1)
where the parameters u and v desribe the ativity. The dealer an modify
his/her strategy |ψ〉 to maximize the prot but this should be done within
the speiation haraterized by u and v. For example, let us onsider a
fundholder who restrits himself to purhasing realties. From his point of
view, there is no need nor opportunity of modifying the supply representa-
tion of his strategy beause this would not inrease the nanial gain from
the purhases. One an easily show by realling the expliit form of the
probability amplitude |ψ〉∈L2 that the triple (u, v, |ψ〉) desribes properties
of the prot random variable w gained from trade in the ommodity G. We
will use the Wigner funtion W (p, q) dened on the phase spae (p, q)
W (p, q) := h−1E
∫ ∞
−∞
eiℏ
−1
E px
〈q + x
2
|ψ〉〈ψ|q − x
2
〉
〈ψ|ψ〉 dx
= h−2E
∫ ∞
−∞
eiℏ
−1
E qx
〈p+ x
2
|ψ〉〈ψ|p− x
2
〉
〈ψ|ψ〉 dx,
to measure the (pseudo-)probabilities of the players behaviour implied by
his/her strategy |ψ〉 (the positive onstant hE = 2piℏE is the dimensionless
eonomial ounterpart of the Plank onstant disussed in the previous se-
tion [4, 8℄). Therefore if we x values of the parameters u and v then the
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probability distribution of the random variable w is given by a marginal dis-
tributionWu,v(w)dw that is equal to the Wigner funtion W (p, q) integrated
over the line u p+ v q + w = 0:
Wu,v(w) :=
∫∫
R2
W (p, q) δ(u q+v p+w, 0) dpdq , (2)
where the Dira delta funtion is used to fore the onstraint ( δ(u q+v p +
w, 0)). The above integral transform (W : R2 → R) −→ (W : P2 → R) is
known as the Radon transform [9℄. Let us note that the funtion Wu,v(w) is
homogeneous of the order -1, that is
Wλu,λv(λw) = |λ|−1Wu,v(w) .
Some speial examples of the (pseudo-) measureWu,v(w)dw where previously
disussed in [4, 8, 10℄. The squared absolute value of a pure strategy in the
supply representation is equal to W0,1(p) (|〈p|ψ〉|2 = W0,1(p)) and in the
demand representation the relation reads |〈q|ψ〉|2 = W1,0(q). It is positive
denite in these ases for all values of u and v. If we express the variables u
and v in the units ℏ
− 1
2
E then the denitions of W (p, q) and Wu,v lead to the
following relation between Wu,v(w) i 〈p|ψ〉 or 〈q|ψ〉 for both representations2
[11℄:
Wu,v(w)
1
2pi|v|
∣∣∣∫ ∞
−∞
e
i
2v
(up2+2pw)〈p|ψ〉 dp
∣∣∣2. (3)
2
One must remember that swithing roles of p and q must be aompanied by swithing
u with v
7
The integral representation of the Dira delta funtion
δ(uq+vp+w, 0) =
1
2pi
∫ ∞
−∞
e
ik(uq+vp+w)dk (4)
helps with nding the reverse transformation to (2). The results is:
W (p, q) =
1
4pi2
∫∫∫
R3
cos(uq+vp+w)Wu,v(w) dudvdw . (5)
Traders using the same strategy (or single traders that an adapt their moves
to variable market situations) an form sort of "tomographi pitures" of their
strategies by measuring prots from trading in the ommodity G. These
pitures would be inuened by various irumstanes and haraterized by
values of u and v. These data an be used for reonstrution of the respetive
strategies expressed in terms the Wigner funtions W (p, q) aording to the
formula (5).
1.1 Example: marginal distribution of an adiabati strat-
egy
Let us onsider the Wigner funtion of the n-th exited3 state of the harmoni
osillator [12℄
Wn(p, q)dpdq =
(−1)n
piℏE
e
− 2H(p,q)
ℏEω Ln
(4H(p, q)
ℏEω
)
dpdq ,
where Ln is the n-th Laguerre polynomial. We an alulate (f. the denition
(2)) marginal distribution orresponding to a xed risk strategy (that is the
3
Eigenvalues of the operator H(Pk,Qk) an be parameterized by natural numbers
inluding 0. The n− th eigenvalue is equal to n+ 1
2
in units of ℏE . The lowest eigenvalue
state is alled the ground state; the others are alled exited states.
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assoiated risk is not a random variable). We all suh a strategy an adiabati
strategy [4℄. The identity [13℄∫ ∞
−∞
e
ikw− k2
4 Ln
(k2
2
)
dk =
2n+1
√
pi
n!
e
−w2H2n(w) ,
where Hn(w) are the Hermite polynomials, Eq. (4) and the generating fun-
tion for the Laguerre polynomials,
1
1−t e
xt
t−1 =
∑∞
n=0Ln(x) t
n
lead to
Wn,u,v(w) =
2n√
pi(u2 + v2)n!
e
− w2
u2+v2 H2n
( w√
u2 + w2
)
= |〈w|ψn〉|2. (6)
This is the squared absolute value of the probability amplitude expressed in
terms of the variable w. It should be possible to interpret Eq. (6) in terms
of stohasti interest rates but this outside the sope of the present paper.
2 Canonial transformations
Let us all those linear transformations (P,Q) → (P ′,Q′) of operators P
and Q that do not hange their ommutators PQ−QP anonial. The
anonial transformations that preserve additivity of the supply and demand
omponents of the risk inlination operator
P2
2m
+ mQ
2
2
[4, 8℄ an be expressed
in the ompat form (P
Q
)(
Re z
zz
Im z
− Im z
zz
Re z
)(P ′
Q′
)
, (7)
where z ∈ C is a omplex parameter that is related to the risk asymmetry
parameter m, m=zz. Changes in the absolute value of the parameter z or-
respond to dierent proportions of distribution of the risk between buying
9
and selling transations. Changes in the phase of the parameter z may result
in mixing of supply and demand aspets of transations. For example, the
phase shift
pi
4
leads to the new anonial variables P ′ = Y := 1√
2
(P−Q) and
Q′ = Z := 1√
2
(P+Q). The new variable Y desribes arithmeti mean devia-
tion of the logarithm of prie from its expetation value in trading in the asset
G. Aordingly, the new variable Z desribes the prot made in one buying-
selling yle in trading in the asset G. Note that the normalization if fored
by the requirement of anoniality of transformations. In the following we
will use the Shrödinger-like piture for desription of strategies. Therefore
strategies will be funtions of the variable y being the properly normalized
value of the logarithm of the market prie of the asset in question. The dual
desription in terms of the prot variable z is also possible and does not
require any modiation due to the symmetrial form of the risk inlination
operator H(Y ,Z) [4, 8℄. The player's strategy represents his/her atual po-
sition on the market. To insist on a distintion, we will dene tatis as the
way the player deides to hange his/her strategy aording to the aquired
information, experiene and so on. Therefore, in our approah, strategies
are represented by vetors in Hilbert spae and tatis are linear transforma-
tions ating on strategies (not neessary unitary beause some information
an drastially hange the players behaviour!)
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3 Diusion of pries
Classial desription of the time evolution of a logarithm of prie of an asset
is known as the Bahelier model. This model is based on the supposition that
the probability density of the logarithm of prie fullls a diusion equation
with an arbitrage forbidding drift. Therefore we will suppose that the (quan-
tum) expetation value of the arithmeti mean of the logarithm of prie of
an asset E(Y) is a random variable desribed by the Bahelier model. So the
prie variable y has the properties of a partile performing random walk that
an be desribed as Brown partile at large time sales t and as Rayleigh par-
tile at short time sales γ [16℄. The superposition of these two motions gives
orret desription of the behaviour of the random variable y. It seems that
the parameters t and γ should be treated as independent variables beause
the rst one parameterizes evolution of the "market equilibrium state" and
the seond one parameterizes the "quantum" proess of reahing the market
equilibrium state [7, 17℄. Earlier [14℄, we have introdued anonial portfolios
as equivalene lasses of portfolios having assets with equal proportions. An
external observer desribes the moves performed by the portfolio manager as
a draw in the following lottery. Let pn, n = 1, ..., N be the probability of the
purhase of wn units of the n-th asset. Our analysis lead us to Gibbs-like
11
probability distribution:
pn (c0, . . . , cN) =
exp (βcnwn)∑N
k=0 exp (βckwk)
. (8)
The oeient cn denotes the present relative prie of a unit of the asset Gn,
cn =
un
un
where un is the present prie of the n-th asset and un its prie at
the moment of drawing. Now let us onsider an analogue of anonial Gibbs
distribution funtion
e
−γH(Y ,Z), (9)
where we have denoted the Lagrange multiplier by γ instead of the more
ustomary β for later onveniene. The analysis performed in Ref. [1, 15℄
allows to interpret (9) as non-unitary tatis leading to a new strategy4:
e
−γH(Y ,Z)|ψ〉 = |ψ′〉. (10)
Therefore the parameter γ an be interpreted as the inverse of the tempera-
ture (β ∼ (temperature)−1) of a anonial portfolio that represents strategies
of traders having the same risk inlination (f. Ref.[14℄). These traders adapt
suh tatis that the resulting strategy form a ground state of the risk inlina-
tion operator H(Y ,Z) (that is they aim at the minimal eigenvalue). We all
tatis haraterized by onstant inlination to risk, E(H(P,Q)) = const and
maximal entropy thermal tatis. Regardless of the possible interpretations,
4
If the numbers cnwn are eigenvalues of some bounded below Hermitian operator H
then we get the statistial operator
e
−βH
Tre−βH
. The expetation value of any observable X
is given by 〈X 〉H := TrX e−βHTre−βH .
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adoption of the tatis (9) means that traders have in view minimization of
the risk (within the available information on the market). It is onvenient to
adopt suh a normalization (we are free to x the Lagrange multiplier) of the
operator of the tatis so that the resulting strategy is its xed point. This
normalization preserves the additivity property, Rγ1+γ2 =Rγ2Rγ1 and allows
onseutive (iterative) implementing of the tatis. The operator represent-
ing suh thermal tatis takes the form (ω=ℏE=1)
Rγ := e−γ(H(Y ,Z)− 12 ) .
Note that the operator H(Y ,Z) − 1
2
annihilate the minimal risk strategy
(remember that the minimal eigenvalue is
1
2
). The integral representation of
the operator Rγ (heat kernel) ating on strategies 〈y|ψ〉∈L2 reads:
〈y|Rγψ〉 =
∫ ∞
−∞
Rγ(y, y′)〈y′|ψ〉dy′, (11)
where (the Mehler formula [18℄)
Rγ(y, y′) = 1√
pi(1−e−2γ) e
− y2−y′
2
2
− (e−γy−y′)2
1−e−2γ .
Rγ(y, y′) gives the probability density of Rayleigh partile hanging its ve-
loity from y′ to y during the time γ. Therefore the xed point ondition for
the minimal risk strategy takes the form
∫ ∞
−∞
Rγ(y, y′) e
y2−y′
2
2 dy′ = 1 .
13
>From the mathematial point of view, the tatis Rγ is simply an Ornstein-
Uhlenbek proess. It is possible to onstrut suh a representation of the
Hilbert spae L2 so that the xed point of the thermal tatis orresponds to
a onstant funtion. This is onvenient beause the "funtional" properties
are "shifted" to the probability measure d˜y := 1√
pi
e
−y2dy. After the transfor-
mation L2(dy)→L2(d˜y), proper vetors of the risk inlination operator are
given by Hermite polynomials (the transformation in question redues to the
multipliation of vetors in L2 by the funtion 4√pi e
y2
2
). Now Eq. (11) takes
the form:
˜〈y|Rγψ〉
∫ ∞
−∞
R˜γ(y, y′) 〈˜y′|ψ〉 d˜y′ ,
where
R˜γ(y, y′) : 1√1−e−2γ e
y′2− (e−γy−y′)2
1−e−2γ .
In this way we get the usual desription of the Ornstein-Uhlenbek proess in
terms of the kernel R˜γ(y, y′) being a solution to the Fokker-Plank equation
[19℄.
4 "Classial" piture of quantum diusion
Let us onsider the integral kernel of one-dimensional exponent of the Laplae
operator e
− γ
2
∂2
∂y2
representing the fundamental solution of the diusion equa-
tion
∂f(y, γ)
∂γ
=
1
2
∂2f(y, γ)
∂y2
.
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The kernel takes the following form
R0γ(y, y′) := 1√2piγ e−
(y−y′)2
2γ ,
and the appropriate measure invariant with respet to R0γ(y, y′) reads:
dy0 :=
1√
piγ
e
− y2
2γ dy .
The orresponding stohasti proess is known as the Wiener-Bahelier pro-
ess. In physial appliations the variables y and γ are interpreted as position
and time, respetively (Brownian motion). Let us dene the operators Xk
ating on L2 as multipliations by funtions xk(y(γk)) for suessive steps
k = 1, . . . , n suh that −γ
2
≤ γ1 ≤ . . . ≤ γn ≤ γ2 . The orresponding (ondi-
tional) Wiener measure dW
γ
y,y′ for y = y(−γ2 ) and y′ = y(γ2 ) is given by the
operator
∫ n∏
k=1
xk(y(γk)) dW
γ
y,y′ :=
(
e
−γ1+γ/2
2
∂2
∂y2X1e−
γ2−γ1
2
∂2
∂y2X2 · · · Xne−
γ/2−γn
2
∂2
∂y2
)
(y, y′) .
If the operators Xk are onstant (xk(y(γk))≡1) then
∫
dW
γ
y,y′ = R0γ(y, y′) .
The Wiener measure allows to rewrite the integral kernel of the thermal
tatis in the form [18℄
Rγ(y, y′) =
∫
T ′ e
−
γ/2∫
−γ/2
y2(γ′)−1
2
dγ′
dW
γ
y,y′ (12)
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known as the Feynman-Ka formula where T ′ is the anti-time ordering op-
erator. Aording to the quantum interpretation of path integrals [20℄ we
an expand the exponent funtion in Eq. 12 to get "quantum" perturba-
tive orretions to the Bahelier model that result interferene
5
of all pos-
sible lassial senarios of prot hanges in time spread γ, f. [21℄.6 These
quantum orretions are unimportant for short time intervals γ ≪ 1 and
the Ornstein-Uhlenbek proess resembles the Wiener-Bahelier one. This
happens, for example, for "high temperature" thermal tatis and for disori-
entated markets (traders)
7
. In eet, due to the umulativity of dispersion
during averaging for normal distribution η(x, σ2)
∫ ∞
−∞
η(x+y, σ21) η(y, σ
2
2) dy = η(x, σ
2
1+ σ
2
2)
the whole quantum random walk parameterized by γ an be inorporated
additively into the mobility parameter of the lassial Bahelier model. This
explains hanges in mobility of the logarithm of pries in the Bahelier model
that follow, for example, from hanges in the tatis temperature or reeived
information. Therefore the intriguing phenomenon of market pries evolu-
tion an be interpreted in a redutionisti way as a quantum proess. In this
5
Roughly speaking path intragrals sum up all possible ways of evolution ("paths") with
phases (weights) resulting from interation.
6
Note that in the probability theory one measures risk assoiated with a random vari-
able by squared standard deviation. Aording to this we ould dene the omplex
prot operator A := 1√
2
(Y + iZ). The appropriate risk operator would take the form
H(A†,A) = A†A+ 1
2
.
7
That is the parameter γ is very small (but positive).
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ase the Bahelier model is a onsequene of a short-time tatis adopted by
the smithonian invisible hand (under the perfet onurrene assumption all
other traders an be onsidered as an abstrat trader dealing with any single
real trader) [4℄. From the quantum point of view the Bahelier behaviour fol-
lows from short-time interferene of tatis adopted (paths followed) by the
rest of the world onsidered as a single trader. Colleted information about
the market results after time γ≪1 in the hange of tatis that should lead
the trader the strategy being a ground state of the risk inlination operator
(loalized in the viinity of orreted expetation value of the prie of the
asset in question). This should be done in suh a way that the atual prie
of the asset is equal to the expeted prie orreted by the risk-free rate
of return (arbitrage free martingale)[22℄. Both interpretations of the haoti
movement of market pries imply that Ornstein-Uhlenbek orretions to the
Bahelier model should qualitatively matter only for large γ sales. An at-
tentive reader have ertainly notied that we have supposed that the drift of
the logarithm of the prie of an asset must be a martingale (that is typial
of nanial mathematis [22℄). Now suppose that we live in some imaginary
state where the ruler is in a position to deree the exhange rate between the
loal urreny G and some other urreny G′. The value of the logarithm of
the prie of G (denoted by n) is proportional to the result of measurement
of position of a one dimensional Brown partile. Any owner of G will praise
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the ruler for suh poliy and prefer G to G′ beause the the prie of G in
units of G′ will, on average, raise (the proess exp n is sub-martingale). For
the same reasons a foreigner will be ontent with preferring G′ to G. This
urreny preferene paradoxial property of prie drifts suggest that the om-
mon assumption about logarithms of assets pries being a martingale should
be arefully analyzed prior to investment. If one measures future prots from
possessing G with the antiipated hange in quotation of n then the paradox
is solved and expetation values of the prots from possessing G or G′ are
equal to zero. Therefore the ommon reservations on using of logarithms of
exhange rates as martingales to avoid the Siegel's paradox is fullled [22℄
(f. Bernoulli's solution to the Petersburg paradox [23℄). Note that if we
suppose that the prie of an asset and not its logarithms is a martingale then
the proposed model of quantum prie diusion remains valid if we suppose
that the observer's referene system drifts with a suitably adjusted onstant
veloity (in logarithm of prie variable).
5 Final remarks
We have proposed a model of prie movements that is inspired by quantum
mehanial evolution of physial partiles. The main novelty is to use om-
plex amplitudes whose squared modules desribe the probabilities. There-
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fore suh phenomena as interferene of tatis (strategies) are possible. The
analysis shows the movement of market pries imply that the Bahelier be-
haviour follows from short-time interferene of tatis adopted by the rest
of the world onsidered as a single trader and the Ornstein-Uhlenbek or-
retions to the Bahelier model should qualitatively matter only for large
time sales. Roughly speaking, traders dealing in the asset G at as a sort
of (quantum) tomograph and their strategies an be reprodued from the
orresponding Wigner funtions in a way analogous to the mathematial to-
mography used in mediine. Therefore we an speulate about possibilities
using the experiene aquired in mediine, geophysis and radioastronomy
to investigate intriaies of supply and demand urves.
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